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PRESSURE ATTENUATION CURVE IN THE RELAXATION
THEORY OF FILTRATION. CASE OF MULTIPLE RELAXATION
TIMES

O. Yu. Dinariev UDC 532.546

Here we derive an asymptotic expression for the pressure attenuation curve for the relaxation theory of percolation
[flow through a porous medium], in which there is a family of purely dissipative internal relaxation processes when a saturated
fluid flows through rock. The asymptote has been derived for the initial part of the pressure attenuation curve [1]; here we
derive the curve for longer times - times on the same order as the internal relaxation times.

We recall the basic theory of isothermal relaxation flow in an undeformed homogeneous isotropic collector [2-6].

In the relaxation theory of percolation, Darcy’s law

. G .
u(t,z?) = —kp~t E;(t,z’), G=p+pyp o

is replaced by the relaxation equation
+o0 a9G
¢ N = —ky~! (1o — 1) — (2. 27
u'(to,z?) = —kpu / K(to-1t) al_i(l,x ) dt. %))
-0

In Egs. (1) and (2), # is the percolation velocity,  is the permeability, x is the shear viscosity of the fluid, p is the pressure,
p is the density, and ¢ is the gravitational potential.

The kernel K = K({(r) characterizes the internal relaxation processes in system of the porous medium plus the saturated
fluid. It is subject to a series of conditions which follow from physical and thermodynamic considerations.

1. K(?) is a non-negative, monotonically decreasing function with dimensions of (time)~!.

2. I /K(t) = 1 is the condition for reducing (2) to (1) for slow processes.

3. K@) = 0 for ¢ < O (causality); K(0) < + oo is the condition for a finite signal velocity [7].

For an arbitrary function of time f = f{r), we use fr = f{w) to denote its Fourier transform:

+50
Jrw) = [ e p(e) .

According to the Payley-Wiener theorem [8], condition 3 makes the function K r = K{w) holomorphous in the lower
half of the complex plane. It has been shown [6,7] that there is a dissipation condition

4. Re Ki{w) > 0 for Im(w) < 0.

From condition 2 it follows that

Kp(0)=1. )

From condition 3 it follows that the asymptote

, oot 1 . )
Kr(w) = k(i)' + o(lw]™), &y = K(0).

is valid in the holomorphous region.
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Because the kernel K is real,
Kr(w)= Kr(-@), Imw<0. (5)

Now we examine a specific functional form of the relaxation kernel in more detail. Because Ky is holomorphous in
the lower half of the complex plane, the function form of the kernel is determined by singularities in the upper half of the
complex plane. The contribution from "pole” singularities has the form Ay/(w — wp).

We now assume that the porous medium —saturated fluid system has a discrete spectrum of purely dissipative internal
relaxation processes. Then the relaxation kernel can be represented as

N
K(t) =) Anrylexp(—t/Tn), (6)

n=1
where the 7, are the corresponding relaxation times (0 < 7,,; < 7,), and the 4, > 0 are the weighting factors. The Fourier

transformation of (6) takes the form
N
Ke(w) =Y An(l+iwr,) ™ 0)

n=}

It is easy to verify that conditions 1, 3, and 4 are fulfilled. From (3) it follows that
N
1= Kp(0)= ) A (8)
n=1

We now examine pressure attenuation in cylindrical symmetry and limit ourselves to the linear approximation. For the
equation of state we use

pP=po+ E(p=polngt, )

where E is the elastic bulk modulus of the fluid.
Mass must be conserved locally as the fluid flows through the porous medium:

J J :
Z —(put) =0, 10
s (mp)+ 5 (pu') = 0 (10)

where m is the porosity. By substituting Eqs. (2) and (9) into Eq. (10) and linearizing the result, and by considering the
cylindrical symmetry, we obtain the integrodifferential equation

+x
d .
U—,p(tu.r)z:f/ Kitg — )Ap(t.r)dt. 1)
- 2
Here & = kE/(mu); r is the distance from the well axis; and A = _'3_2 + r7l 7?_ is the Laplacian operator. The parameter
ar r

r varies in the range r; < r < r,, where r; is the well radius and r, is the recharge radius. If the well operates with a yield
g = q(¢) per unit thickness of the productive bed, then we have the boundary condition

+00
. 7]
gt)=A / K(to-1t) 5;_‘1’(1,1'1) dt, A=2rripou”t. 12
—c0
In addition, there must be a boundary condition on the recharge boundary
P(t,2) = Prea- (13)

The problem (11)—(13) is linear; therefore it can be solved by the Fourier —Laplace transform method. In order to simplify the
resultant equations, we will hereafter use a system of units in which
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(14

3?‘—‘3'1=1-

Because & has units of (length)zltime, Eq. (14) hereafter fixes the units of length and time.
We now introduce a new unknown function
P = P@t,r) = p(t,r) — Ppea-
By taking the Fourier transform of (11)-(13), we obtain the differential equation
(A-a¥)Pr=0 (15)

with the boundary conditions

, and Pg = 0. (16)

r=1 r=ro

qF = AKF e

In Eq. (15), o = a(w) is a complex function determined by the relationships

a® = iw/Kp(w), and Rea > 0. (17
We now show that Eqs. (17) determine a holomorphous function @ = aw) for Im w < 0 which is continuous all the
way to the real axis.
In truth, the function & = «(w) can become discontinuous only at points w at which Re « = 0 and Im w # 0; ie.,

where
2 2 _
Rea® <0, and Ima? = 0. (18)
We note that
Ina? = RewReI\pﬁ-Im;‘:ImI\F (19)
|Kpi?
and
+oo

(20)

Im Kp(w) = —/ M sin(t Rew)A(1) dt.
0

Because the kernel is monotonic, it follows from (20) that (Re w)(Im K) < 0. Now it follows from Eq. (19) and
condition 4 that Im o has the same sign as Re w. If Re @ = 0, then Kz = Re Kz and o > 0. Therefore the condition (18)
is impossible at all points in the lower half of the complex plane.

Thus, it has been proven that a(w) is holomorphous in the lower half of the complex plane. Because K is holo-
morphous and can be continued into the upper half of the complex plane [see (7)], then the function «(w) can be also. Here
it will have singularities related to poles and zeroes in the function K{w) as well as to the procedure of extracting the root in
(17).

Now we examine a more specific function F(s) = Kg{is) for s > 0. According to (5) this function takes on real values.
Analysis of Eq. (7) shows that F(s) increases monotonically in each of the intervals 0 < s <y, y; <5 <y, ...,
In—1 < 5 < yy, wherey; = ‘r,-‘l, and tends to + oo as s approaches y;. Thus, points sy, ..., sp_; exist, where this function
becomes zero, so that y; < 5; < y;, 1. We define s; = 0. Because the function o(w) is holomorphous, it can be continued over
the whole complex plane, except for cuts along intervals

D;: s;<Imw< 14, Rew=10 (i=0,....N—1)\.
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Equation (15) has a general solution in terms of MacDonald functions [9]
Pr = ClKo(ar) + Cg]o((!r),

where the constants C; and C, are determined from the boundary conditions (16):

p. _ 9F(=Io(ara)Ko(ar) + Ko(ars)lo(ar))
F = NKra(Kolara)hi(a) + Ki(a)lo(ar))

1)

If the well operates with a constant yield g(¢) = @, it is easy to show that P = P(r) = N~1QIn(/r,). For the pressure-
decay problem, we must set g(f) = Q8(—1?), where 6() is the Heavyside function.
We define
d=P-2'QIn(r/ra).

Then & can be calculated from Eq. (21) if we set g = Qi/(w — ig), which corresponds to g(£) = —Q60(s). Here ¢
is a small positive quantity which is set to zero in the final result.

Now we calculate the intermediate asymptote of the pressure attenuation curve, when r, approaches infinity in Eq. (21).
By using the asymptotic values of the MacDonald functions [9], we find

G = ~qrRo(ar)
F=Xkra ki(a)

Then the problem of determining the pressure attenuation curve reduces to calculating the function () = ® | ,.;. After we
take the inverse transform, we obtain this function in the form

400
A= =2rA)71Q i /(u} — i) fi(w)etdw,

(22)
_ I\-o (a)
filw) = Kra kK (a)
We recall the expressions for the MacDonald functions [9]:
Ko(z) = ~J(2*)In(2/2)+W(2?), and Ki(2) = z71(A(z®) In 2+ B(2?)). (23)

Here J(2), A(z), and B(z) are complete functions; J(0) = B(0) = 1; A(0) = 0; and W(0) = —C, where C is Euler’s constant.
The functions Ky(z) and K;(z) have an infinite number of branches at z = 0. We will exclude these branches with a cut along
theray Rez < 0, Imz = 0.

In order to integrate (22), we deform the integration contour in the upper half of the complex plane to avoid the
singularities in the integrand. All singularities (poles and cuts) occur on the semiaxis Im w > 0, Re w = 0; therefore the
integral (22) transforms to an integral along the contour C (Fig. 1):
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#(0) = ~2rA)71Qi [wt fi (w) € dos 24)
c
We now look for the asymptotic pressure attenuation curve for times large compared to the relaxation times 7;.
Formally this can be done by setting t = 6~ !#, and K(f) = K.(3-t), where 8 is a small parameter and #. and K. are fixed, and
by substituting these expressions into Eq. (24). Then we omit those terms in (24) which vanish as é tends to zero and derive
a formula from (24) for ¢(¢) by replacing f;(w) by the function

-1
hiw)= 5218 8 5om2-c @5)
\F
Now we note that
N-1
(iUJI\'F(w))_l = Z (ln(iéu'+ sn)—l + bO; (26)
n=0
w. N1 N .
ey = A TL Gt o) TG+ 3007 @)
N-1 N
where a;, by > 0; by = k; ™14y = 1;andA = J] s;7! J] ;- Substitution of Egs. (26) and (27) into (25) and (24) leads
n=1 n=1

to the formula

e(1) = (200)71Q / f5 (W) e de,
c

(28)
N-1 lN—l ) 1 N ) 1
f3 (@)= (X anlir +sn) 7 +bo) (= 5 X In (it sa)+5 L In(iwt ) 47), 7=~ 1hn 4.
n=0 n=0 n=1

We integrate (28) term by term by using the theorem of residues and the auxiliary formulas [10] for 2,6 > 0: formula
No. 3.352.4

+0oo

—bz 29
/ e™dz _ — e Ei (—a b); (29)
a+z

and formula No. 3.352.6

+

ooe"”’dz —ab e

V-p./ = e * Ei(ab)
3 a—z

where Ei(2) is the exponential integral function.
The integral of the type

Ji = /e‘““(iw +8)7 n (iw + ;) dw,
c

presents some problems. It must be transformed to an integral along the contour C; (Fig. 2) and calculated using Eq. (29) and
formulas for the exponential integral function [10]: No. 8.214.1:

Ei(z) = C +In(-2) + i ZM(nal)7l z<o.

n=1

Then we obtain the expression J; = 27 exp(—s;) (Int + C). After all calculations are done, we come to the formula
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o(t) = QA7 (@1(t) + wa(2)),

N-1 N
@(t) = 27 ot ™! (Z exp (—snt) — Z exp (—ynt))+

n=0 n=l

N-1
+ Z an eXP(—sni)(‘y - —;—Zexp((s.- — 3 ))Ei ({85 = 5;)1)—

n=o i#n
(30)

1 N
—3 gln(&' =)+ %ZeXP (3 — sn)1)Ei ((sn — 1))+
i>n i=1

- f: In (3 1
2 n(y!-sn)+§c),

t=n+1
1 N1
pa(t) = 5 Z a,exp (—sat)Int.
n=0

In (30) the term ¢,(#) remains finite as ¢ increases, while the term ¢,(?) increases logarithmically (remember that, for

n > 0, products of the type s, are assumed finite!).

Thus, the function o,(f) defines the asymptotic pressure attenuation curve in the relaxation theory of percolation.

Formally, the effect of the relaxation processes can be considered by introducing a multiplier of the type [1 + ¥ a;-exp(—s)],
where a;,s; > 0, into the classical formula for the pressure attenuation curve with a logarithmic asymptote.
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